Magnetohydrodynamic (MHD) flow and heat transfer over a stretching sheet with a variable thickness in a rotating fluid with Hall current is investigated. Both analytical and numerical methods are employed to solve the governing coupled nonlinear differential equations. The analytical solutions are obtained through the optimal homotopy analysis method (OHAM) where the numerical solutions are computed by a second-order finite difference scheme. The solutions for the non-dimensional velocity and temperature fields are obtained and presented graphically for various physical parameters. The accuracy of the analytical solution is verified by plotting the residual errors and by comparing solutions with available results in the literature for some special cases. The Hall current gives rise to a cross flow. The rotating fluid frame and the wall transpiration (suction/injection) can have strong effects on the shear stress and the Nusselt number.
Introduction
The study of boundary layer flow and heat transfer over a stretching sheet is of interest as it occurs in a variety of engineering and technological processes. These processes include cooling of an infinite metallic plate in a cooling bath, extrusion of polymers involving cooling of a molten liquid, drawing and tinning of copper wires, paper production, glass blowing, and heat treatment of materials travelling on conveyor belts. Some considerations must be made to accomplish the desired quality in such processes, namely, selection of the liquid to be used to cool the object of interest and the rate of stretching applied to the material. Processes involving sudden solidification focus heavily on the rate of stretching. In these processes, we come across nonlinear relations between stress and rate of strain. In science and technological industries, frequently we find systems of coupled nonlinear boundary value problems. The analysis of such systems of nonlinear boundary value problems is usually coupled and poses challenges to mathematicians and physicists. Because of such complexities, there are many problems still open in the literature and one such problem is the Navier-Stokes equations. Traditionally, solutions of nonlinear boundary value problems strongly depend on the type of nonlinearity, physical parameters, and the employed techniques. Crane [1] considered the stretching sheet problem and presented the exact solutions. Later, various extensions were carried out by Wang [2] , Miklavcic and Wang [3] , and Fang and Zhang [4] . There are several analytical techniques available in the literature to solve nonlinear boundary value problems. Some of the classical analytical techniques are Adomian's decomposition method (ADM), Lyapunov's artificial small parameter method, the δ-expansion method, Chebyshev spectral collocation method, Padé approximation, homotopy perturbation method (HPM), Laplace decomposition method (LDM), homotopy analysis method (HAM), spectral-homotopy analysis method (SHAM), differential transformation method (DTM) and variational iteration method (VIM), optimal homotopy analysis method (OHAM). Details of these methods can be found in Dehghan et al. [5] , Dehghan and Shakeri [6] , Lyapunov [7] , Karmishin et al. [8] , Khater et al. [9] , John [10] , Hayat et al. [11] , He [12] , Khan [13] , Tan and Abbasbandy [14] , Liao [15, 16, 17, 18] , Fan and You [19] , Hayat et al. [20, 23] , Shehzad et al. [24] , Farooq et al. [25] and Motsa et al. [26] . In particular, the homotopy analysis method logically contains traditional nonperturbation techniques, such as Adomian's decomposition method, Lyapunov's artificial small parameter method, and the δ-expansion method. Hence it can be regarded as a unified or generalized theory of these three methods. This method also provides a special way to control and adjust the convergence region and rate of solution series of nonlinear problems. Liao [17] observed that HAM cannot always guarantee the convergence of approximation series of nonlinear equations in general and to overcome this restriction, he introduced nonzero auxiliary parameter c 0 (convergence-control parameter) to construct a two-parameter family of equations to gain better approximations and the method is called OHAM. Further, Motsa et al. [26] proposed a spectral-homotopy analysis method (SHAM) which is a modification of the homotopy analysis method (HAM) and the basic idea of this method is to blend in HAM with the Chebyshev spectral collocation method.
In contrast to the above-mentioned analytical/semi-analytical methods for finding stable solutions, for certain class of systems, researchers have developed many prominent numerical methods. To mention a few, the shooting method, finite difference approximations, finite element method, Crank-Nicolson method and Keller-box method have been employed (see Meade et al. [27] , Cebeci and Bradshaw [28] , Keller [29] , Vajravelu and Prasad [30] , Abbasi et al. [31] , Sheikholeslami et al. [32] , and Hayat et al. [33] ). One of the notable advantages of the Keller-box method over the other methods is that it allows easy programming for finding the solution of a large number of coupled equations with second-order accuracy along with arbitrary (non-uniform) spacing for discretization in the x-and y-directions.
The main objective of this paper is to solve the system of coupled nonlinear boundary value problem which arises in the mathematical modeling of MHD flow and heat transfer over a slender permeable elastic sheet in a rotating fluid with Hall current. The semianalytical method OHAM and the second-order finite difference scheme known as the Kellerbox method are used. The study of the MHD flow in a rotating environment includes the effect of Coriolis forces, thermal convection current, and Hall current. It is generally admitted that the Coriolis force due to the earth's rotation has a strong influence on the hydromagnetic flow in the earth's liquid core. Several authors have examined the fluid dynamics of rotating systems under different geometry due to its various applications such as the compressor, wind turbine, jet engine, pumps, large-scale atmospheric and oceanic flows (see Wang [34] , Abbas et al. [35] ). The present work aims to look into the enhancement in the transport phenomena due to an increase in temperature (e.g. Grubka and Bobba [36] , Ali [37] and Chen [38] , Chaudhary and Kumar Jha [39] ) by considering a special type of nonlinear stretching
for different values of n. That is, a stretching sheet with a variable thickness, as in Fang et al. [40] , Khader and Megahed [41] and Hayat et al. [42, 43] . This study is also pertinent to vibration of orthotropic plates. The governing nonlinear coupled equations for flow and heat transfer are reduced to a set of nonlinear coupled differential equations through a suitable similarity transformation and are solved for various values of physical parameters by the OHAM and Keller-box method. We may find out from the numerical results that under what conditions the fluid flow can be appreciably influenced by the physical parameters. The present findings will not only be useful to industrial applications but also help a basic understanding of the physics of the problem. The fluid is rotating with a constant angular velocity Ω about the y-axis. The sheet is in the plane z = 0. Initially, the fluid and the plate rotate synchronously with uniform angular velocity Ω. The fluid is then set into motion with uniform acceleration along the x-axis. The stretching nonlinear distance x is also rotating with the fluid. The flow is three dimensional due to the presence of the Coriolis force. The positive x-coordinate is measured along the stretching sheet in the direction of motion and the positive y-coordinate is measured normal to the sheet in the upward direction (see Fig. 1 for details).
Mathematical formulation
is the magnetic induction vector,  is the electrical conductivity, and e p is the electronic pressure. Since there is no applied or polarization voltage is imposed on the flow we have, 0.


E
For weakly ionized gases, the electron pressure gradient and the ion slip effects can be neglected. The generalized Ohm's law under the above conditions for electrically non-conducting sheet 0. Under these assumptions, along with the boundary layer approximations, the governing equations can be written as (for details see Abbas et al. [35] and Chaudhary and Kumar Jha [39] is considered to facilitate the similarity transformation. The appropriate boundary conditions for the problem are
as ,
where C is a constant and r is the wall temperature. It should be noted that the positive and negative value of n indicate cases of surface stretching and surface shrinking, respectively. Now we transform the system of Eqs. (2.3)-(2.6) into a dimensionless form. To this end, let us introduce a dimensionless similarity variable
Now in terms of  , we define the dimensionless stream function ( , ) xy  and the 
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The non-dimensional parameters Mn,  and Pr, respectively denote the magnetic parameter, the fluid rotation parameter, and the Prandtl number and are defined as follows:
  A n U     indicates the plate surface. In order to facilitate the computation, we define
and the corresponding boundary conditions are  
where the prime denotes differentiation with respect to .
 When   
is the local Reynolds number.
Method of solution
Semi-analytical solution: optimal homotopy analysis method (OHAM)
Optimal homotopy analysis method has been employed to solve the nonlinear, system of Eqs. (2.15)-(2.17) with boundary conditions (2.18). The OHAM scheme breaks down a nonlinear differential equation into infinitely many linear ordinary differential equations whose solutions are found analytically. In the framework of the OHAM, the nonlinear equations are decomposed into their linear and nonlinear parts described as follows.
In accordance with the boundary conditions (2.18), consider the base functions as 

can be expressed in a series form as follows [18] and Fan and You [19] ):
L and L  as follows:
, and 
c e c e L c c e L c c e
is an embedding parameter, 0 h  is the convergence control parameter and , fh NN and N  are nonlinear operators defined as 
 by means of Taylor's series as 00 11
If the series (3.6) converges at 1, q  we get the homotopy series solution as
It should be noted that
contain an unknown convergence control parameter 0 h  , which can be used to adjust and control the convergence region and the rate of convergence of the homotopy series solution. The th m order deformation equations and the conditions are
Now, we evaluate the error and minimize it over h in order to obtain the optimal value of h with the least possible error. In the process of error analyses two different methods are employed, namely, the exact residual error and the average residual error. For different order approximations, the CPU time required for evaluation of (0) f  is noted. It is evident that the values of (0) f  evaluated using the two methods are almost the same (for details see Table I ). As for CPU time is concerned, the average residual error needs much less time compared with that for the exact residual error. 
Numerical procedure
For accuracy of the OHAM solution, the highly nonlinear and coupled ordinary differential equations with variable coefficients are solved numerically via the Keller-box technique. The boundary value problem given in Eqs. [29] , and Vajravelu and Prasad [30] . For the sake of brevity, the details of the numerical solution procedure are not presented here. For numerical calculations, a uniform step size of 0.01   is found to be satisfactory and the shooting error is controlled with an error tolerance of 6 
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 in all cases. In order to validate the two methods used in this study and to judge the accuracy of the present analysis, the horizontal skin friction (0) Tables II,III ,IV and V. Results obtained from this method are discussed and compared with OHAM in Section 5.
Exact solutions for some special cases
Here we present the exact solutions for certain special cases and these solutions serve as a baseline for computing general solutions through numerical schemes. We note that in the absence of rotation, magnetic field, and Hall current, Eq. (2.15) reduces to those of Fang et al. [40] . 
Absence of rotation and
dd d dD dd d d                    
Results and discussion
The problem of MHD flow and heat transfer over a slender elastic sheet in a rotating fluid with Hall effect is solved analytically as well as numerically. The analytical solutions of the system of ordinary differential equations subject to the boundary conditions are obtained through the optimal homotopy analysis method (OHAM) and Keller-box method. Here the OHAM has been used as a benchmark tool to test the accuracy, and hence the reliability of the Keller-box results.
In order to get clear a insight into the physical problem, numerical computations have been carried out for different values of flow parameters such as the Hall parameter m , the fluid rotation parameter ,  the power index parameter n, the variable thickness ,  the wall temperature parameter r, the Prandtl number Pr, and the magnetic parameter Mn. Exact solutions are obtained for the special cases, such as the absence of rotation and Hall current for the case of a flat surface (i.e.  decrease monotonically and tend to zero asymptotically as the distance from the boundary increases. In the case of ( ), h  we find negative profiles which indicate that this component is transverse to the main flow in a clockwise direction. The computed numerical values for the horizontal skin friction (0), f  the transverse skin friction (0) h and the rate of heat transfer (0)   are tabulated in Table VI .
From the experimental studies it has been noted that at 20C the Prandtl number for air is 0.72, at 300C the Prandtl number for water is 1.09, at 40C the Prandtl number for ammonia is 2.0 and at 417C the Prandtl number for molten salt is 5.09 (see for details Kothandaraman and Subramanyan [45] ). Therefore, the values of Pr chosen in Table VI range from 0.01 to 1000, which supports the experimental study; the values of other physical parameter are chosen arbitrarily. 
 and ( ).
h  It is observed that both the fluid velocity and the temperature rise as  and n increase, and as a result, both the momentum boundary layer and thermal boundary layer thicknesses increase and the opposite is true for cross flow. As n increases, the stretching velocity of the sheet increases, which produces deformation in the fluid causing the fluid velocity to increase as well. This shows that there is a significant effect of  and n (for all values of n, positive, zero or negative) on the flow pattern. Here, it may be observed that the sheet is shrinking along the axis for negative n, and is stretching for positive n. Moreover, the variation of 
h  As  increases, the velocity decreases and the reverse trend is observed in the case of ()  ; see
Figs. 3(a) and 3(b). Influence of the rotation parameter on the flow reversal is presented in Fig. 3(c) . Here, the profiles are parabolic in nature, in particular, as the value of  is increased, the transverse velocity profiles maintain their form, but are shifted downward. 
h  Figure 4 (a) shows the effect of Mn on the fluid velocity. It is well known that the velocity will decrease with an increase in the magnetic field parameter owing to an increase in the Lorentz drag force that opposes the fluid motion, and is quite opposite in the case of heat transfer; see Fig.  4(b) . Here, the thickness of the momentum boundary layer decreases while the thermal boundary layer increases with an increase in the strength of the applied magnetic field. It is interesting to note from Fig. 4(c) that the cause of the transverse velocity spikes near the origin is the parameter Mn . As Mn increases, the transverse velocity profiles vary steadily from negative to positive and shift upwards. We explore the effect of increasing values of m on (  is presented in Fig. 6 . It is found that ()  is a decreasing function of Pr implying a decrease in the thermal conductivity k; consequently a decrease in the thermal boundary layer is observed. Therefore, cooling of the heated sheet can be improved by choosing a coolant with a larger Pr. Similar phenomenon is observed for increasing values of r and this is because when r > 0, heat flows from the stretching sheet into the ambient medium and, when r < 0, the temperature gradient is positive and heat flows into the stretching sheet from the ambient medium. 
 
Conclusions
Steady MHD flow and heat transfer over a slender permeable elastic sheet in a rotating fluid with Hall current has been examined. Optimal homotopy analytic solutions (OHAM) of the boundary value problem were obtained with the aid of the package Mathematica. An efficient implicit finite difference scheme based on the Keller box method was employed to compute the numerical solutions. A few interesting conclusions have been observed as summarized below.
1. The analytic and numerical solutions are found to be in excellent agreement. The solutions also agree with some of the results available in the literature and with the exact solution for the special case of a flat sheet. 2. The nature of the elastic sheet depends on a variable thickness parameter, and a velocity power index parameter n, which leads to wall transpiration (suction or injection). 3. The elastic sheet with a variable thickness has a direct impact on the physical properties of the sheet such as shrinking and stretching along the axis, corresponding to negative and positive n. 4. An increase in the wall thickness parameter leads to an increase in the skin-friction coefficient in the x-direction and the Nusselt number for 1 n  . 5. Hall current can have a significant effect on the shear stress and the Nusselt number.
For large values of the Hall parameter m, the resistive effect of the magnetic field is reduced, as a result, the skin-friction coefficient in the x-direction increases and the wall temperature gradient decreases. Figure Fig8(c) .eps
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